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Abstract 

Wastewater treatment modelling usually implies the 

need for dynamic activated sludge simulation (ASM 

models) in the case of reactors and clarifiers. ASM 

models describe the removal of carbonaceous 

materials, nitrogen and phosphorous components.  

Various ASM models have been implemented in the 

last decades and have been used in accredited 

simulators. The optimization of dynamic models are 

considered as a bottle-neck in aspect of 

computational demands, because of the complexity 

of searchspace, where occasionally several hundred 

scenarios of parameter combinatons have to be 

analysed. Solving the ASM models require the 

evaluation of ordinary differential equationsbased on 

various numerical methods. In this research, the goal 

was to address the mathematical problem of high 

computational demand at solving the latter. The idea 

of the presented method was based on using second 

order polynomial approximation of explicit 

equations,namely quadratic models.  The parameter 

estimation was achieved with neural networks, 

incorporating conservation of mass. The model can 

be used to speed up optimization and is being 

demonstrated on the case of modelling a wastewater 

treatment plant located in Hungary. 
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I. INTRODUCTION 

Optimization of wastewater treatment process 

control is still under research due to the wide variaty 

of bioreactor schemes applied[1] and currently 

involves 

 

 The bioreactor analysis in aspect of removal 

efficiency for pollutants,  

 protection of the affiliated water body, in 

complienece with the emission standards, 

 reduction of environmental fees based on 

the quantity of effluent pollutants, 

 predictable, safe operation 

 reduction of electric energy consumption. 

 

Focusing on immidiate intervention plans instead of 

expensive plant reconstruction options, the methods 

in question could be the optimization of aeration, 

aeration timing, removal and recirculation rate 

settings of activated sludge, pumping rate settings 

for internal recirculations, etc. Bioreactors of 

wastewater treatment plants are currently being 

modelled with the use of activated sludge models 

(ASM). Such widely used models are the ASM1, 

ASM2d, ASM3 bioP, Barker-Dold models and 

various extensions. The ASM models are ideal for 

modelling microbiological processes, thus can be 

used to find optimal solutions. One single simulation 

run on a batch of reactors for a period of virtual 

years can take minutes or hours depending on the 

complexity of the model and plant layout, as well 

asthe available computational power. In the case of 

optimization and calibrationseveral hundred 

iterations have to be performed in order to find the 

minima. In this paper a new method is presented, 

based on the concept of finding alternative explicit 

equations to the ASM differential equation system, 

with the help of neural networks. Two methods are 

presented, which involve second order polynomial 

approximations for the differential equation’s initial 

conditions, describing the perfectly stirred reactor. 

Another challenge was to deal with the problems of 

mass balance related to the neural network 

predictions. A correction method was applied to 
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minimize the latter. The expected result was to 

achieve a lower complexity of mathematical model 

and reduction of computational demands. 

 

II. MATERIAL AND METHODS 

 

A. THE BIOREACTOR MODEL  

The first activated sludge model was the ASM1 in 

1987 published by the IAWPRC(International 

Association on Water Pollution Research and 

Control, today IWA)[2]. The model describes the 

removal of carbonaceous materials and nitrogen. The 

first model describing phosphorus removal was the 

ASM2, soon followed by the ASM2d. The ASM1 

carbonaceus model was refined later and published 

as ASM3, while the Swiss Federal Institute of 

Aquatic Science and Technology (EAWAG) 

implemented the ASM3 bioP [3]. The latter model 

was used as the activated sludge model for 

comparison in this paper.  The EAWAG ASM3 bioP 

model has 17 state variables describing wastewater 

fractions with 23 processes [4]. In the case of a 

continuously stirred reactors (CSTR) Eq. (1) applies 

for each wastewater fraction. The equations were 

implemented in a custom made simulator, 

programmed by the author, called IWASP, which 

serves as a decision support system, designed for 

wastewater treatment operators. The CSTR 

equations are ordinary differential equations, which 

were solved by the Cash-Carp, predictor-corrector 

method. 

 

𝑑𝐶

𝑑𝑡
= 𝑟 𝐶 +

𝑄

𝑉
 𝐶𝑖𝑛𝑓 − 𝐶 , 𝐶 =  𝑐1 , . . , 𝑐𝑛   (1) 

 

],...,[ 1 nccC   

define the actual concentrations of the bioreactor, 

where 𝑟 𝐶  vector can be expressed from the Gujer 

matrix, describing the state variables and all 

processes (bacterial growth, decay, hydrolysis, etc 

also containing kinetic rates for all processes). 

 

B. THE CLARIFIER MODEL  

The primary and secondary clarifier is usually being 

modelled as a 1D vertical layered cylinder. The 

formula of the 1D settling according to the partial 

differential Eq. (2): 

 

𝜕𝐶 𝑧, 𝑡 

𝜕𝑡
= −

𝜕(𝐹(𝐶 𝑧, 𝑡 , 𝑧, 𝑡)

𝜕𝑧
 

+
𝜕

𝜕𝑧
 𝐷 𝑧, 𝑡 ·

𝜕𝐶 𝑧 ,𝑡 

𝜕𝑧
 + 𝑠 𝑧, 𝑡 (2) 

 

 

 

 

In Eq. (2), z is depth, t is time, D stands for 

dispersion. Dispersion can be assumed to be zero, if 

there is low turbulence in the settler or if the effect of 

mixing of sediments is negligible compared to the 

sedimentation settling flux. The right-hand first 

negative member of the equation indicates a change 

in the concentration of a differentially small layer by 

sedimentation and flow-through flux, s(z, t) stands 

for a sediment source (e.g. in an influent layer). By 

dividing the settler into N number of layers, the 

partial differential equation can be simplified to 

ordinary differential equation system. The custom 

made model, IWASP implements the latter equation, 

however for the final simulation was based on a 0D 

settling model, where effluent TSS and underflow Q 

was set. From the inflowing flow and flux, the 

underflow TSS was then calculated. This model has 

its limitations, namely vertical flux is not simulated, 

but raw computational demands of both model could 

be analyzed better.  

 

C. BIOREACTOR MODEL APPROXIMATION 

METHODS IN LITERATURE 

The goal of the presented work was reducing 

complexity of the ASM models, which is not the first 

attempt of this kind. According to the scientific 

literature, efforts were made to linearize the ASM 

No.1 model [5] in order to improve calibration speed 

perfomance.  

Another method was called singular perturbation 

method [6]: several models were analyzed in order to 

find the independent state variables in the 

mathematical description of biological wastewater 

processes. They indentified three groups depending 

on the rate of kinetic speed. The assumption was, 

that fast processes reach permanent state in a defined 

time interval, thus they can be omitted from the 

differential equation. 

Jeppson and Olsson [7] showed a completly different 

method, here the complexity reduction of the ASM1 

was not achieved via mathematical approach, but via 

observation of the physical system.  
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Most of these examples focus on the complexity 

reduction of the model, but if there is no need for a 

large number of iterations, the precision of the model 

is more preferable than simulation speed 

performance [8].   

D. NEURAL NETWORKS  

Neural networks like the multi-layer perceptron 

(MLP) can be used in universal approximation tasks 

of non-linear functions and can be considered as 

nonlinear regression methods in the field of soft-

computing. The MLP belongs to the supervised 

learning architectures, where a large set of input and 

desired output vectors are presented to the network 

during training phase. The MLP is a feed-forward 

network, which means output is always dependent 

on the current input and no internal states exist. 

Neurons are organised in layers, which are only 

connected to the next layer of neurons, connections 

have weights and processing neurons (perceptrons) 

have transfer functions. The training is achieved via 

backpropagation [9] or other methods are used like 

the conjugate gradient method [10] or quasi Newton 

algorithm [11]. The closed form of the neural 

network [12]is described by Eq.(13) :  

𝑌𝑘 = 𝑓2 𝑏2 +   𝑓1 𝑏1 +   𝑋𝑖 · 𝑤𝑖𝑗  
𝑛
𝑖=1  · 𝑤𝑗𝑘  

𝑚
𝑗=1   

                   (3) 

The hidden layer neurons have the number m, Yk is 

the k-th output and Xi is the i-th value of the input 

vector. It is worth to mention, the number of hidden 

layer neurons have an essential role, namely they 

should be adjusted according to the complexity of 

the approximated function: no general rule is known 

about the exact numberof hidden neurons. Applying 

too many neurons will result in overfitting of the 

function, where training data is approximated with 

much higher correlation than in the case of 

validation. The neural network was used as a 

regresssion method for the quadratic models. 

 

III. THEORY  

 

A. SUBSTITUITING DIFFERENTIAL 

EQUATIONS WITH QUADRATIC 

MODELS 

In the case of a perfectly stirred reactor all state 

variable are described with equation (1), which can 

be solved by numerical differentiation, as a result 𝐶 

effluent concentration vector calculated for a time 

step T. This differential equation system is 

substituted with a quadratic model, namely a second 

order polynomial equation: 

 

𝐶 = [𝑐1
 𝑡 , … , 𝑐𝑛

 𝑡 ] 

𝑐𝑖
 𝑡 = 𝑐𝑖

(𝑡=0)
+ 𝑏𝑖𝑡 + 𝑑𝑖𝑡

2 

(0 < 𝑡 < 𝑇) 

 

(4) 

where 𝑐𝑖
(𝑡=0)

 is the initial concentration of a state 

variable (wastewater component) at time t=0.  T is 

the maximal time step (for instance 5 minutes). The 

quadratic model should be valid for any activated 

sludge bioreactor and following three conditions 

should be met: 

 

1. If 𝑆𝐴𝑆𝑀 =  𝐶 𝑑𝑡
𝑇

0
 , then 𝑆𝑞𝑢𝑎𝑑 =  𝑆𝐴𝑆𝑀  The 

𝑆𝐴𝑆𝑀  is the effluent mass from the reactor 

during a period of time step, calculated by 

the numerical differentiation. The second 

order approximation should be equal with the 

integral of concentrations in a short time step 

multiplied with the actual flow rate. In short, 

the substituating quadratic model must not 

contain mass balance errors. 

2. 𝐶𝑞𝑢𝑎𝑑  (0) = 𝐶 (0) Initial condition: 

quadratic model fits the differential equation 

results at time t=0.  

3. 𝐶𝑞𝑢𝑎𝑑  (𝑇) = 𝐶 (𝑇) 

Quadratic model fits the differential 

equation results at the end of timestep T. 

 

 
 

Fig. 1. Numerical differentiation and approximation 

with quatratic model. 
 

t=0 t=T
t

C

2) C(0) = Cquad(0)
3) C(T) = Cquad(T)

1)           
 

 
=         
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B. SUBSTITUITING DIFFERENTIAL 

EQUATIONS WITH QUADRATIC 

MODELS 

 

The first part of the objectives described was to 

achieve computational speed up. The assumption 

was that approximation can be achieved by using 

second order (quadratic) equation, shown by Eq. (5) 

on the interval [0,T] time step:    

 

𝑐𝑖
 𝑡 = 𝑐𝑖

(𝑡=0)
+ 𝑏𝑖𝑡 + 𝑑𝑖𝑡

2 

(0 < 𝑡 < 𝑇) 

𝐶 = [𝑐1
 𝑡 , … , 𝑐𝑛

 𝑡 ] 

(5) 

where t is time for T time step, 𝑐𝑖
 𝑡 

 is the effluent 

concentration of the reactor for an i-th component 

and 𝑏𝑖  and 𝑑𝑖  are parameters we are looking for. 

Following criteria have to be satisfied: 

The polynomial approximation should fit at time, 

t = 0 and at the end of the chosen time step:  

𝑐𝑖 ,𝑞𝑢𝑎𝑑
 0 

= 𝑐𝑖
(0)

 and 𝑐𝑖 ,𝑞𝑢𝑎𝑑
 𝑇 

= 𝑐𝑖
(𝑇)

. 

The quadratic model approximation for mass balance 

should be valid for any T time step. The integral of 

concentrations in a short time step multiplied with 

the flow rate describes the effluent mass from the 

reactor, which should be equal with the second order 

approximation, described by Eq. (6a). 

 

𝑄  𝑐𝑖𝑑𝑡
𝑇

0
= 𝑄(𝑐𝑖

 𝑡=0 
𝑇 + 𝑏𝑖

𝑇2

2
+ 𝑑𝑖

𝑇3

3
) (6a) 

 𝑐𝑖𝑑𝑡
𝑇

0
≈ 𝑆𝐴𝑆𝑀 ,𝑖              (6b) 

 

The integral of concentrations for a time step 

however, can be calculated based on a chosen 

numerical method symbolled as 𝑆𝐴𝑆𝑀 ,𝑖  in Eq. (6b). 

The numerical method could be Euler, Runge-Kutta 

4, or predictor correctors for instance: Dormand-

Prince, Fehlberg, Cash-Karp. The flow rate Q is 

considered to be constant in a single time step and it 

is assumed, the inflow flux of the reactor can be 

described as a quadratic polynomial function of time 

similarly to Eq. (5). 

 

𝑐𝑖𝑛𝑓 ,𝑖
 𝑡 = 𝑐𝑖𝑛𝑓 ,𝑖

(𝑡=0)
+ 𝑏𝑖𝑛𝑓 ,𝑖𝑡 + 𝑑𝑖𝑛𝑓 ,𝑖𝑡

2    (7) 

 

If the differential equation solution is known in the 

time interval 0-T, then bi,di parameters can be 

determined from the Eq. (5) and Eq. (6a), Eq. (6b):  

 

𝑏𝑖 = 2
3 𝑆𝐴𝑆𝑀 ,𝑖 − 𝑐𝑖

 𝑇=0 
𝑇 − (𝑐𝐴𝑆𝑀 ,𝑖

 𝑡=𝑇 
− 𝑐𝑖

 𝑡=0 
)𝑇

𝑇2
 

𝑑𝑖 = 3(
𝑐𝐴𝑆𝑀 ,𝑖
 𝑡=𝑇 

− 𝑐𝑖
 𝑡=0 

𝑇2
−

2 𝑆𝐴𝑆𝑀 ,𝑖 − 𝑐𝑖
 𝑡=0 

𝑇 

𝑇3
) 

 

                       (8) 

The ASM model is calculated for a large set of initial 

conditions and 𝑏𝑖  and 𝑑𝑖  values with classical 

numerical method (Cash-Karp method was used) for 

each wastewater fraction. These parameters describe 

the approximation curvature of concentration change 

in Eq. (5) for a time step T.  The next part will 

involve the use of neural networks. The goal was to 

train the neural networks: the very large set of initial 

conditions are set as inputs while 𝑏𝑖  and 𝑑𝑖  values 

are set as the desired outputs: Following the training 

phase, the neural network should be able to predict 

results for each initial condition. With the presented 

method, there is no further need to use the ASM 

differential equations, while proper approximation 

can be achieved. 

 

C. USING NEURAL NETWORKS WITH 

THE QUADRATIC MODEL 

 

The presented quadratic model can be used for any 

ASM bioreactor. It should be emphesized that for 

every combination of initial conditions, different 

𝑏𝑖 ,𝑑𝑖  occur. The next phase is to generate a large 

number of training set, by first calculating the 

effluent mass𝑆𝐴𝑆𝑀 ,𝑖  for ever i component with the 

classic method of ordinary differential equation 

solutions and then 𝑏𝑖 ,𝑑𝑖  from Eq. (8). Some neural 

networks like the multi-layer perceptron (MLP) can 

be used in universal approximation tasks of non-

linear functions, they are good nonlinear regression 

methods.  

 

Neural network learning phase: 

 

During the supervised learning, an arbitrary large set 

of input and output pairs of vectors are needed. For 

evaluating results only input vectors are necessary. 

In our case, the input of the neural network can be 
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described as a matrix consisting of all initial 

conditions and influent data (influent data has also a 

quadratic form): 

𝐴𝐵𝐷𝐶,𝑖𝑛𝑓 =   

𝑐𝑖𝑛𝑓1
, . . , 𝑐𝑖𝑛𝑓𝑛

𝑏𝑖𝑛𝑓1
, . . , 𝑏𝑖𝑛𝑓𝑛

𝑑𝑖𝑛𝑓1
, . . , 𝑑𝑖𝑛𝑓 𝑛

  ,  

𝐴𝐵𝐷𝐶,𝑖𝑛𝑓  ∈ 𝐻1 

and 𝐶0 =  𝑐1
(𝑡=0)

, … , 𝑐𝑛
(𝑡=0) , 𝐶0 ∈ 𝐻2 

 

  

                       (9) 

 

For each initial condition 𝐴𝐵𝐷𝐶,𝑖𝑛𝑓  matrix describes 

the influent concentration, also with a second order 

approximation characteristics. 𝐶0vector holds the 

initial concentrations for the reactor at time zero. 

Note, that 𝐴𝐵𝐷𝐶,𝑖𝑛𝑓 can be transformed to a single 

column vector. 𝐻1 and 𝐻2sets will be refered as 𝐻in , 

the input set for the neural network: 

 

𝐻𝑖𝑛 =  𝐴𝐵𝐷𝐶,𝑖𝑛𝑓 ∈ 𝐻1  , 𝐶0 ∈ 𝐻2   (10) 

 

The transformation to be achieved by the neural 

network is: 

𝑓: 𝐻𝑖𝑛

𝑡=𝑇
   𝐻𝑜𝑢𝑡      

where 

𝐴𝐵𝐷𝐶,𝑒𝑓𝑓 =   
𝑏𝑖1 , . . , 𝑏𝑖𝑛

𝑑𝑖1 , . . , 𝑑𝑖𝑛
  , 𝐴𝐵𝐷𝐶,𝑒𝑓𝑓  ∈ 𝐻out   

                        (11) 

𝐴𝐵𝐷𝐶,𝑒𝑓𝑓 can also be rewritten as a column-

vector.  

 

Basically the neural network learns how to generate 

parameters for the second order approximation, it 

can boost simulation by finding a computationally 

less demanding explicit solutions for the original 

model.  

 

Neural network running phase: 

 

The initial concentrations are known at the start as 

well as the influent data as in Eq.(9). If the influent is 

connected to another bioreactor’s effluent, then the 

quadratic model solution 𝐴𝐵𝐷𝐶,𝑒𝑓𝑓 of the latter will 

be used  for the current bioreactor 𝐴𝐵𝐷𝐶,𝑖𝑛𝑓 . 

Otherwise ainf will be matched the influent 

concentration while binf is the linear increment and  

dinf is zero. 

 

The trained neural network will generate the 𝐴𝐵𝐷 

matrix 𝑏1 , . . , 𝑏𝑛  and 𝑑1, . . , 𝑑𝑛 . Eq. (5) is used to 

calculate concentrations for time t. 

 

The computational demand is reduced by the 

magnitude of difference in complexity of the original 

numerical evaluation and by the number of applied 

hidden neuron numbers in the neural network. Note 

the neural network is an explicit equation. The 

approximation method was determined for different 

time steps and checked if the selected model is valid 

for extrapolation.  

 

D. DOUBLE QUADRATIC MODEL AND 

SEPERATION OF ASM KINETIC 

RATES  

 

Similar to the idea of the quadratic model, another 

model was tested, called double quadratic model.In 

the double quadratic model concept, the effluent 

mass was described as a second order approximation 

and has a seperated reaction kinetic term. If Linf is 

the influent mass , Eq. (1) can be rewritten as:  

 

𝑑𝐶

𝑑𝑡
=

𝐿𝑖𝑛𝑓

𝑉
+ 𝑟 𝐶, 𝑡   −

𝑄

𝑉
𝐶 

 

                        (12) 

𝐿𝑖𝑛𝑓
 𝑡 = 𝑎𝑙𝑖𝑛𝑓

+ 𝑏𝑙𝑖𝑛𝑓
𝑡 + 𝑑𝑙𝑖𝑖𝑛𝑓

𝑡2 

0 < 𝑡 < 𝑇 

 

𝑟 𝐶, 𝑡  is supposed to be approximated with a second 

order polynome:  

𝐶𝑟 𝑡 =  𝐶𝑟 0 + 𝑏𝑟𝑡 + 𝑑𝑟𝑡
2         (13) 

 

In Eq.(13), 𝐶𝑟 0  can be expressed from the ASM 

model’s Gujer matrix, since they are initial 

conditions from time t=0.  The quadratic form of the 

influent mass in Eq (12) can be merged with the 

quadratic form in Eq(13). 

 

𝑎𝑖 = 𝑎𝑙 𝑖𝑛𝑓
+ 𝑎𝑟 𝑖

 

𝑏𝑖 = 𝑏𝑙 𝑖𝑛𝑓
+ 𝑏𝑟 𝑖

 

 
(14) 
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𝑑𝑖 = 𝑑𝑙 𝑖𝑛𝑓
+ 𝑑𝑟 𝑖

 

0 < 𝑡 < 𝑇  
 

so Eq.(12) for every i-th state variable (wastewater 

component) will have the form: 

 
𝑑𝑐 𝑖

𝑑𝑡
= 𝑎𝑖 + 𝑏𝑖𝑡 + 𝑑𝑖𝑡

2 −
𝑄

𝑉
𝑐𝑖           (15) 

 

and using the substitution of  
𝑄

𝑉 = 𝑘 in Eq(15), 

solving the differential equation: 

 

𝑐𝑖
(𝑡)

= 𝑐𝑖
(𝑡=0)

− 𝑐𝑜𝑛𝑠𝑡1 +
𝑏𝑖𝑡

𝑘
+

𝑑𝑖𝑡
2

𝑘
−

2𝑑𝑖𝑡

𝑘2 +

      𝑐𝑜𝑛𝑠𝑡1𝑒
−𝑘𝑡   

 (16) 

where 

𝑐𝑜𝑛𝑠𝑡1 = 𝑐𝑖
(𝑡=0)

−
𝑎𝑖

𝑘
+

𝑏𝑖

𝑘2 −
2𝑑𝑖

𝑘3   és k = Q / V ; 

0 < 𝑡 < 𝑇, (𝑖 = 1, … , 𝑛) 

 

Another equation is yet missing, but by integrating 

the concentration in Eq.(16) for time interval 0-T, 

which has a physical meaning,it is the effluent mass 

from the bioreactor: 

 

 𝑐𝑖
(𝑡)

𝑑𝑡 =
𝑇

0
  𝑐𝑖

 𝑡=0 
− 𝑐𝑜𝑛𝑠𝑡1 𝑡 +

𝑏𝑖𝑡
2

2𝑘
+

𝑑𝑖𝑡
3

3𝑘
−

𝑑𝑖𝑡2𝑘2−𝑐𝑜𝑛𝑠𝑡1𝑒−𝑘𝑡𝑘0𝑇             

 (17a) 
 

transforming Eq(17a) will give  

 

 𝑐𝑖
 𝑡 𝑑𝑡 =

𝑇

0
𝑐𝑖
 𝑡=0  𝑇 + 𝛽 + 𝑎𝑙𝑖𝑛𝑓

 −
𝛽

𝑘
 +

𝑏𝑙𝑖𝑛𝑓
 

𝑇2

2𝑘
+

𝛽

𝑘2 + 𝑑𝑙𝑖𝑛𝑓
 

𝑇3

3𝑘
−

𝑇2

𝑘2 −
2𝛽

𝑘3 +

𝑎𝑟 𝑖
 −

𝛽

𝑘
 + 𝑏𝑟 𝑖

 
𝑇2

2𝑘
+

𝛽

𝑘2 + 𝑑𝑟 𝑖
 
𝑇3

3𝑘
−

𝑇2

𝑘2 −
2𝛽

𝑘3    

                         (17b) 
 

where  

𝛽 =
1

𝑘
−

𝑒−𝑘𝑡

𝑘
− 𝑇 

 

The left side of the equation can be calculated by 

solving the ASM model with classic differential 

equation, it is the effluent mass for each component: 

 

 𝑐𝑖
𝑇

0
≅  𝑆𝐴𝑆𝑀 ,𝑖               (18) 

 

It should be noted, on the right side of Eq.(17b) the 

first four term denotes the influent mass in the 

reactor. 
iSinf,
will specify, the latter, which can also 

be calculated by solving the ASM differential 

equations and: 

 

𝑆𝐼𝑁𝐹 ,𝑖 = 𝑐𝑖
 𝑡=0  𝑇 + 𝛽 + 𝑎𝑙

∗
𝑖𝑛𝑓

 −
𝛽

𝑘
  

+𝑏𝑙
∗
𝑖𝑛𝑓

 
𝑇2

2𝑘
+

𝛽

𝑘2
 + 𝑑𝑙

∗
𝑖𝑛𝑓

 
𝑇3

3𝑘
−

𝑇2

𝑘2
−

2𝛽

𝑘3
  

 

 

(19) 

rearranging and substituating Eq. (18) and Eq. (19) 

back to Eq. (17b) will give: 

 

𝑆𝐴𝑆𝑀 .𝑖 − 𝑆𝐼𝑁𝐹 ,𝑖 −  𝑎𝑟 𝑖
 −

𝛽

𝑘
  = 

𝑏𝑟 𝑖
 
𝑇2

2𝑘
+

𝛽

𝑘2
 + 𝑑𝑟 𝑖

 
𝑇3

3𝑘
−

𝑇2

𝑘2
−

2𝛽

𝑘3
  

 

                       (20) 

Each term on the left side is known, while on the 

right side only 𝑏𝑟𝑖
 és 𝑑𝑟𝑖

 are unknown. Aranging the 

equation for 𝑑𝑟𝑖
 and substituting it into Eq.(16) and 

Eq.(14) , 𝑏𝑟𝑖
 és 𝑑𝑟𝑖

 can be expressed. The final 

equation deduced from Eq(16):  

 

𝑐𝑖
 𝑡 = 𝑐𝑖

 𝑡=0 
𝑒−𝑘𝑡 +  𝑎𝑖  

1

𝑘
−

𝑒−𝑘𝑡

𝑘
 + 

𝑏𝑖  
𝑒−𝑘𝑡

𝑘2 −
1

𝑘2 +
𝑡

𝑘
 + 𝑑𝑖  

2

𝑘3 +
𝑡2

𝑘
−

2𝑒−𝑘𝑡

𝑘3 −
2𝑡

𝑘2   

                        (21) 

 

Eq.(21) specifies the effluent concentration for every 

state variable. The task is the same, than it was in the 

quadratic model. The ASM model is calculated for a 

large set of initial conditions and 𝑏𝑟𝑖  and 𝑑𝑟𝑖  values 

are getting specified. The goal is to train the neural 

network, a large set of initial conditions are set as 

input while 𝑏𝑟𝑖  and 𝑑𝑟𝑖    values are the desired 

outputs. After training, the neural network will 

predict the results for each initial condition. 

Implementing the MLP, there is no need to use the 

differential equations, explicit approximation is 

achieved. 
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IV. RESULTS  

 

A. QUADRATIC MODEL FITTING 

The extrapolation for disolved ASM component 

show more unaccuracy, because disolved materials 

like readily biodegradable substrate, ammounium 

and nitrate are directly utilized by the biomass and 

have higher kinetic rates. The quadratic model was 

fit on timesteps of 5 minutes and extrapolated for 

another 5 minutes. The model had a good fit on both 

interpolation and extrapolation cases. Fig.2-

Fig.4show randomly selected quadratic 

approximations forheterotrophic biomass (XH) and 

their correlation.  

 

 
Fig. 2. Quadratic model(blue) and solution of 

ASM model with diff.eq.system. Interpolation time 

interval are 5 minutes, extrapolation 5-10min. 

 

 

 

 
Fig. 3. Quadratic model(blue) and solution of 

ASM model with diff.eq.system. Interpolation 

time interval are 5 minutes, extrapolation 5-10min. 

 
 

 
Fig. 4. Correlation of the Quadratic model(blue) 

and solution of ASM model with diff.eq.system. 
 

Fig.5-Fig.7 show randomly selected quadratic 

approximations for readily biodegradable soluble 

COD (Ss) and correlation. 

 

 
Fig. 5. Quadratic model(blue) and solution of ASM 

model with diff.eq.system. Interpolation time 

interval are 5 minutes, extrapolation 5-10min. 
 

 
Fig. 6. Quadratic model(blue) and solution of ASM 

model with diff.eq.system. Interpolation time 

interval are 5 minutes, extrapolation 5-10min. 
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Fig. 7. Correlation of the Quadratic model(blue) 

and solution of ASM model with diff.eq.system. 
 

Fig.8-Fig.9 show randomly selected quadratic 

approximationfor nitrate-nitrogen (SNO3) and 

correlation. 

 

 
Fig. 8. Quadratic model(blue) and solution of 

ASM model with diff.eq.system. Interpolation time 

interval are 5 minutes, extrapolation 5-10min. 
 

 
Fig. 9. Correlation of the Quadratic model(blue) 

and solution of ASM model with diff.eq.system. 
 

The quadratic model showed a correlation R
2
>=0.94 

including extrapolation points for every wastewater 

model component. The excelent fit means, a larger 

time step could have been used aswell. 

B. DOUBLE QUADRATIC MODEL 

FITTING  

 

The double quadratic model was fit on timesteps of 5 

minutes and extrapolated for another 5 minutes. The 

model had a mediocre fit on the intermediate points 

in the case of interpolation.  The following figures 

show randomly selected quadratic approximations on 

different wastewater components. The model gave 

good results for particulate components, but was 

rather poor in the case of disolved materials as 

shown on Fig.10-Fig.17. 

 

 
Fig. 10. Double Quadratic model(blue) and 

solution of ASM model with diff.eq.system. 

Interpolation time interval are 5 minutes, 

extrapolation 5-10min. 
 

 
Fig. 11. Double Quadratic model(blue) and 

solution of ASM model with diff.eq.system. 

Interpolation time interval are 5 minutes, 

extrapolation 5-10min. 
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Fig. 12. Correlation of the Double Quadratic 

model(blue) and solution of ASM model with 

diff.eq.system. 

While the double quadratic model is more complex, 

kinetic rate has a seperate second order polinomial 

term, it is not accurate for extrapolation.  

 

 

 
Fig. 13. Double Quadratic model(blue) and 

solution of ASM model with diff.eq.system. 

Interpolation time interval are 5 minutes, 

extrapolation 5-10min. 
 

 
Fig. 14. Double Quadratic model(blue) and 

solution of ASM model with diff.eq.system. 

Interpolation time interval are 5 minutes, 

extrapolation 5-10min. 
 

 

 
Fig. 15. Correlation of the Double Quadratic 

model(blue) and solution of ASM model with 

diff.eq.system. 
 

Fig.10-Fig.12 show randomly selected double 

quadratic approximations for heterotrophic biomass 

(XH) and correlation. 

Fig.13-Fig.15 show randomly selected double 

quadratic approximations for readily biodegradable 

substrate (Ss) and correlation. 

 

 

 

 
Fig. 16. Double Quadratic model(blue) and 

solution of ASM model with diff.eq.system. 

Interpolation time interval are 5 minutes, 

extrapolation 5-10min. 
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Fig. 17. Correlation of the Double Quadratic 

model(blue) and solution of ASM model with 

diff.eq.system. 
 

Fig.16-Fig.17 show randomly selected double 

quadratic approximationsfor nitrate-nitrogen (SNO3) 

and correlation.As a conclusion from this 

comparison, for the ASM3bioP model, the quadratic 

model was implemented instead of the double 

quadratic model, since approximation performance 

was less adequate in the latter case, especially in the 

case of extrapolation. 

 

C. ERROR CORECTION METHOD 

 

Quadratic model approximations on the differential 

equations were intended to have no mass balance 

errors. However, the neural network predictions for 

bi, di or bri, drimay result in some prediction failures. 

The neural network either over or underestimatesthe 

real values with relatively small error. But the neural 

network is being used in iterations for timesteps T: 

For each iteration the neural network usesprevious 

estimations. As a result, the error may accumulate. 

Simulation tests of ~100 000 hours have been 

performed. The error accumulation did not follow 

normal distribution as it was initially supposed. The 

question was,how to eliminate the systematic error 

of the MLP. The suggested correction methodtested, 

was based on comparisons between the results of the 

quadratic-neural models and the differential equation 

system. The idea was to use the quadratic method for 

a number of iterations. At n-th iteration both 

quadratic model and differential equation were 

computed, solutions were compared with each other. 

Extent of the error was then approximated with an n 

order polynomial fit. If only quadratic model is used, 

Δc canpredicted and corrected with the negative of 

the error function.  

 

According to several iteration ratios, ratio 

1:20 showed a good fit. This means, for every twenty 

iteration only one comparison and error prediction 

was made, the relative error was ΔE<2.3%. 

 

D. LIMITATIONS OF THE METHOD 

 

There are several limitation of the suggested method. 

Training of the MLP is limited by the dimensionality 

of the input. By increasing the number of input 

variables, the neural network’s need for training data 

will increase exponentially.Therefore most of the 

kinetic parameters have to be ommited in the 

quadratic model and a calibrated ASM3 bioP model 

was used to fit the model.  

 

E.  CALIBRATION OF THE ASM3 BIOP 

MODEL  

 

Before applying the quadratic model, an existing 

wastewater treatment plant was selected and the 

ASM3 bioP model was calibrated in IWASP. The 

operator has not granted permissions to indetify the 

plant location, subject to this study. It is located in a 

metropolitan area, Hungary. The pre-denitrification 

type WWTP has a parallel allocation regarding 

sludge recirculation. Biological treatment is 

preceded by mechanical treatment consisting 

combined primary settling facility (pretreatment 

functions are grit removal, grease removal and 

settling in one single work using separate dedicated 

areas). The biological treatment starts with a 

seperated anaerobic zone, with a volume of 2000 m
3
. 

It is followed by an oxidation ditch type reactor with 

a volume larger than 8000 m
3
. The WWTP is 

arranged in parallel batch, having a capacity of 

approximately 50 000 PE each. The aerated reactor 

has an anoxic-aerobic cycle time with a ratio of 1:2 

and dissolved oxygen level is controlled by PLCs. A 

lower nitrate recirculation is applied to achieve better 

biological phosphorus removal.  
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Calibration of the ASM model was achieved with a 

custom stochastic gradient search algorithm- BLIND 

[13], result are shown on the next figures. 

 

 
Fig. 18.Calibration results of ASM3bioP model, 

effluent Total N. 

 
Fig. 19.Calibration results of ASM3bioP model, 

effluent COD. 

After calibration of the ASM3 bioP model, the 

quadratic model was chosen as the winner candidate 

for approximation and compared with the simulation 

results from the differential equations. Fig. 18. and 

Fig. 19 show good ASM model calibration results, 

considering the use of static parameters for 

estimation of a long period of time.  

 

F.  QUADRATIC MODEL APPROXIMATION 

RESULTS 

 

A time step T of 5 minutes was chosen. The 

parameters were estimated by the trained MLP 

neural networks. For a single step prediction various 

hidden neuron numbers were selected and some 

influent parameters were ommited for the inputs. For 

instance heterotrophic bacteria is not dependent on 

the initial conditions of autotrophic biomass 

concentration, because ammonium-N is rarely a 

limiting factor and oxygen consumption is 

dominated rather by the heterotrophic biomass. But 

otherwise for autotrophic bacteria, heterotrophics are 

limiting in aspect of oxygen consumption. The next 

tables show some of the results. Correlation of the 

model for a single step and multi-step (iterative 

error) was calculated. In the multi-step method, the 

simulation was started on the virtual date of the 

original model data, 2014.02.20 and simulated till 

2014.09.01. The error correction method of mass 

balance was applied. The model showed good 

correalation in general (Table.1, Table.2 - Table 5. 

and Fig.20-Fig.27), while the difference in 

simulation speed was approximitally 3.5x faster for 

the quadratic model.  

1. Table. Quadratic model fitting results. 

Waste-water 

component 

SS 

(Readily 
biodegradable 

substrate) 

SNO3 

(Nitrate-
nitrogen) 

SNH4 

(Ammonium-
nitrogen) 

MLP hidden 

neuron No. 

10 7 8 

Number of 

input 

neurons 

27 52 52 

R2  for single 
step ΔT, by 

ΔC 

concentration 
change 

0.970 0.984 0.974 

R2  for single 

step ΔT, by 
ΔC multi 

step 

0.509 0.954 0.889 

 

2. Table. Quadratic model fitting results. 

Waste-water 

component 

XAUT 

(autotrophic 

biomass) 

XH 

(heterotrophic 

biomass) 

XS 

(Particulate 

slowly 

biodegradable 

substrate) 
MLP hidden 

neuron No. 

12 12 8 

Number of 
input 

neurons 

28 25 22 

R2  for single 
step ΔT, by 

ΔC 

concentration 
change 

0.979 0.980 0.999 

R2  for single 

step ΔT, by 

ΔC multi 

step 

0.997 0.993 1 

 

3. Table.Quadratic model fitting results. 

Wastewater 

component 

XI (inert 

particulate 
COD 

SI (inert 

disolved 
COD) 

SPO4 (Ortho-

phosphate) 

MLP hidden 

neuron No. 

8 4 10 

Number of input 
neurons 

26 15 39 

R2  for single step 

ΔT, by ΔC 
concentration 

change 

0.997 0.999 0.968 

R2  for single step 1 0.999 0.978 
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ΔT, by ΔC multi 

step 

 

4. Table.Quadratic model fitting results. 

Wastewater 

component 

XSTO 

(Internal 

storage ) 

XPAO 

(PAO 

biomass) 

XPP 

(Poly-

phosphate) 

MLP hidden neuron 
No. 

20 10 12 

Number of input 

neurons 

40 39 39 

R2  for single step 
ΔT, by ΔC 

concentration 

change 

0.975 0.966 0.965 

R2  for single step 

ΔT, by ΔC multi 

step 

0.931 0.965 0.930 

 

5. Table.Quadratic model fitting results. 

Wastewater 

component 

XPHA 

(Poly-
hydroy-

alkanoate) 

XTSS 

(suspended 
solids) 

SALK 

( 
alkalinity) 

MLP hidden 

neuron No. 

12 6 6 

Number of input 

neurons 

39 48 48 

R2  for single 

step ΔT, by ΔC 
concentration 

change 

0.961 0.986 0.994 

R2  for single 

step ΔT, by ΔC 

multi step 

0.635 0.987 0.699 

 

 

 
Fig. 20.Multi-step Quadratic model fitting for Ss. 

Timeseries comparison. 
 

 

 
Fig. 21.ASM model results for Ss vs corrected 

quadratic model correlation. 
 

 

 

 
Fig. 22.Multi-step Quadratic model fitting for XH. 

Timeseries comparison. 
 

 
Fig. 23.ASM model results for XH vs corrected 

quadratic model correlation. 
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Fig. 24.Multi-step Quadratic model fitting for 

SNH4. Timeseries comparison. 
 

 
Fig. 25.ASM model results for SNH4 vs corrected 

quadratic model correlation. 
 

 

 
Fig. 26.Multi-step Quadratic model fitting for 

SNO3. Timeseries comparison. 
 

 
Fig. 27.ASM model results for SNO3 vs corrected 

quadratic model correlation. 
 

 
Fig. 26.Multi-step Quadratic model fitting for 

SPO4. Timeseries comparison. 
 

 
Fig. 27.ASM model results for SPO4 vs corrected 

quadratic model correlation. 
 

V.  CONCLUSION  

New methods were introduced for the approximation 

of ASM models. The differential equation system of 

the ASM3 bioP model was calibrated on the data of 

a metropolitan wastewater treatment plant, then 

approximated with a second order polynomial 

solution, namely the quadratic model. Another 

model was developed with the seperation of the 

reaction kinetic term, called double quadratic 

approximation and was also tested for interpolation 

and extrapolation scenarios.In both cases, the 

parameters for the model where generated by the 

MLP neural networks. The goal of the research was 

to present the two quadratic models and to compare 

results in aspects of function fitting and computation 

time. The quadratic model showed better fitting on 

the solutions of the differential equations especially 

for particulate components and was selected as an 

adequate model for both interpolation and 

extrapolation.  

Computational time has been decreased by an order 

of magnitude for a single step calculation. With the 

introduction of the mass balance correction method, 

simualtion speed reduced, but still exceeded 3.4x 
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compared to the ODE solver’s numerical method. 

While the training of the MLP is limited by the 

dimensionality of the input, the quadratic model can 

be trained on a calibrated ASM model and 

optimization tasks can be performed faster. 

Further improvements might be achieved by using 

larger time steps (10min), adjusting hidden neuron 

numbers and using input data with lower 

dimensionality for the neural network. The method 

can be used to reduce computational time in the case 

of optimization, when large number of repeated 

simulations are necessary.  
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