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ABSTRACT 

This paper implements a FIR low pass filter with sharp 

cut-off designed by Frequency Response Masking 

(FRM) technique and then optimized by Parks-

McClellan algorithm. A prototype FIR low pass filter 1st 

implemented and then a complementary filter of the 

prototype is implemented. These two fiters are masked 

by two masking filters. After recombining them a linear 

phase low pass filter with sharp cut-off is realized. 

Again optimizing this filter by Parks-McClellan 

algorithm results in a filter with sharper transition, 

equi-ripple, low arithmetic complexity is produced. By 

this method we have designed filters which have up to 

67% savings in total number of coefficients. Proposed 

approach is easier to solve the FRM filter optimization 

problem. Simulation results are shown in this paper 

which illustrates the strength of the method.    
Keywords:  

FRM, Parks-McClellan algorithm, Optimization; Filter; 

Signal Processing 

.  

 

I. INTRODUCTION  

Digital filters are popular in major Digital Signal 

Processing (DSP) applications. There are many 

applications of Linear-phase FIR digital filters. These 

filters have high stability with zero phase distortion and 

also have low coefficient sensitivity. But these filters 

have higher complexity because these filters have higher 

length which is inversely proportional to their sharp 

transition width. This is the main implementation 

problems for sharp    filters [1-14]. The frequency 

response masking (FRM) based FIR digital filter design 

method [1,4-12,14] shows digital sub filters with lower 

order and gradual transition bands in such way to feature 

sharper transition bands in the overall design process. 

Basic idea of FRM technique is an (M + l)-band filter 

with transition-width of l/M is produced by changing 

every delay element of a linear phase digital FIR low 

pass filter with M delay elements. A complementary 

filter which is a high pass filter, can be realized by 

deducting the result of the (M + l)-band filter from a 

delayed version of the input. If the frequency responses 

of the original (M + l)-band filter and its complementary 

filter are appropriately masked with the masking filters 

and mixed, a filter with narrow transition-band can be 

employed. The major advantages of FRM filter have a 

very sparse coefficient vector so it has low arithmetic 

complexity. These filters length and delays are slightly 

longer than those in the conventional implementations.  

In this literature a two-step classical optimization method 

for the optimal design of digital FRM FIR filters is 

proposed. In this technique, firstly a basic digital FRM 

FIR filter is realized by alternately optimizing the 

prototype low pass filter, complementary filter and 

masking filters. The process is basic, logical, with less 

computation and can also be upgraded to employ sharp 

cut off high pass, band pass, and band stop digital FIR 

filters with arbitrary bandwidth. The second step then 

refines the design using Parks-McClellan algorithm. 

Design examples are presented in this paper to show that 

the resulting filters has sharp transition, less ripple and 

low arithmetic complexity. This paper is arranged as 

follows: Section II presents a brief discussion about 

FRM FIR digital filter design process. Section III 

presents the optimizing design procedure. Several design 

examples of FRM and PM algorithms are provided to 

illustrate the proposed method in Section IV. At last, 

conclusion with remarks is presented in Section V. 
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II. POINTS FRM FIR FILTER DESIGN 

There are several FRM based FIR filter optimization 

methods are developed since the Lim first proposed the 

method. The basic idea of FRM is  replacing each and 

every delay element of the basic filter by M delay 

elements of a linear phase FIR filter and then frequency 

responses of two interpolated complementary filters are 

masked and added to achieve narrow transition band. 

The basic structure used in a single-stage resultant FRM 

filter is shown in Fig.1. The Z-transform transfer 

function of the system is,     

 

F(z) = Fa(z)Fma(z) + Fb(z)Fmb(z)                     … (1) 

 

Here, Fa(z) is prototype filter and Fb(z) is complementary 

filter. Fb(z) can be represented as, z
-M(N-1)/2

- Fa(z), where 

z
-M(N-1)/2

 is delayed version of input. Fma(z) and Fmb(z) are 

the masking filters.  

 

Fig.1. FRM STRUCTURE. 

 

Here Fa(e
jω

 ) and Fb(e
jω

) are the frequency responses of 

Fa(z) and Fb(z) respectively. Now frequency response of 

a digital FIR filter with linear phase and with length N, 

can be expressed as,  

 

Fa(e
jω

) = e
-j((N-1)/2) ω

 R(ω)                             (2) 

 

The frequency response of the complementary filter 

which is a high pass filter can be expressed as, 

 

Fb(e
jω

) = e
-j((N-1)/2) ω

 (1-R(ω))                       (3) 

 

In both the above shown equations R(ω) is a 

trigonometric function of ω. A low pass filter Fa(e
jω

) is 

shown in Fig. 2(a). The cut off frequencies are θ and ϕ, 

respectively. Two filters with frequency response 

Fa(e
jMω

) and Fb(e
jMω

) are employed by substituting every 

delay of initial filters Fa and Fb by M delays, as shown in 

Fig.2(b). The frequency responses of two designed 

masking filters FMa and FMc are shown in Fig.2(c) and 

resultant filter F is shown in Fig. 2(d). Where ωp and ωs 

are the band edges of the resultant filter, it can be shown 

that,  

ωp = (2mπ + θ)/M;                                        (4) 

ωs = (2mπ + ϕ)/M;                                        (5) 

Here m is an integer less than M. The value of m = 1, 2, 

3 in respective manners. The value of m can be 

represented by,  

m =  (ωs - ωp)M/2π                                     (6)  

In Fig. 2(d), Fa(e
jMω

) primarily drives the resultant 

frequency response F(e
jω

). If the frequency responses of 

masking filters are those shown in Fig. 2(e), the resultant 

filter frequency response will be that shown in Fig. 2(f) 

and that the frequency response near the transition-band 

will be obtained primarily by that of Fb(e
jMω

). The band 

edges ωp and ωs are formed in such manner in this design 

process given below, 

ωp = (2mπ - ϕ)/M;                                          (7) 

ωs = (2mπ - θ)/M;                                          (8) 
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Fig.2. THE FREQUENCY RESPONSES OF SUBFILTERS USED IN 

THE FRM APPROACH. 

                                                                                                                                                                                                                                                                               

In Fig.2 it can be observed that the process of removing 

unwanted pass bands does not need to carry out at the 

same time as long as these undesirable pass bands are 

removed in the output of the resultant filter. Hence, it is 

necessary to express θ, ϕ and m in terms of ωp, ωs and M.  

It is important that, 

0 < θ < ϕ < π.                                              (9) 

In our design process, we take pass band frequencies, 

stop band frequencies, values of M and m as shown 

below in Table 1. 
 

 

Table I. DIFFERENT VALUES OF DESIGN PARAMETERS. 

ωp ωs M m 

0.6886π 0.7π 2 1(0.0227) 

0.4553π 0.4667π 3 1(0.0512) 

0.3385π 0.35π 4 1(0.0922) 

0.2217π 0.2333π 6 1(0.2333) 

0.1883π 0.2π 7 1(0.2870) 

0.1631π 0.175π 8 1(0.38) 

0.1437π 0.1556π 9 1(0.4815) 

0.1153π 0.1273π 11 1(0.726) 

0.1047π 0.1167π 12 1(0.864) 

0.2492π 0.2615π 13 2(1.04) 

0.2306π 0.2429π 14 2(1.204) 
aNote: *()- indicates calculated value before rounding 

 

III. OPTIMIZATION DESIGN 

PROCEDURE   
After designing the FRM filter, we put the selected 

specifications of the desire filter in Parks-McClellan 

(PM) algorithm. Specifications are effective length of the 

filter, vector of band frequencies are in the form of 

desired pass band and stop band frequencies and an 

arbitrary value of m. 

We take ripple weighting in the form of δ1 and δ2.  In this 

method δ1  and δ2 are given by, 

 

  δ1=10
(Rp/20) -1

/10
(Rp/20) +1

                          (10) 

 
δ2 =(1+ δ1)10

(As1/20) 
                                (11) 

 
where Rp is pass band ripple in dB and As1 is stop band 

attenuation in dB. There is a vector represents the desired 

magnitude response values of the resultant filter at the 

pass bands and the stop bands. Since a digital low pass 

FIR filter consists of a pass band followed by a stop 

band, vector has two entries. Namely, vector =[1 0] 

because  it is preferable that  the magnitude response of 

the filter is to be equal to 1 in the pass band and equal to 

0 in the stop band. In the case of masking filters the 

ripple magnitude should be 10 percent-15 percent 

smaller than the maximum allowable magnitude. If the 

ripple weighting functions of  Fa(e
jMω

), F(e
jω

), FMa(e
jω

) 

and FMb(e
jω

) are wa(ω), w(ω), wMa(ω) and wMb(ω) then it 

can be written as,  

 

|w(ω)| ≤ max of {| wMa(ω) |, | wMb(ω) |}                (12) 

 

where gain of the masking filters and desired filter is 

equal to 1. Gain of  Fa(e
jMω

) is in the range of 0 to 1. 

When gain of the masking filters and desired filter is 

equal to 0 and Gain of  Fa(e
jMω

) is in the range of 0 to 1. 

Then it can be written as,  

 

  |w(ω)| ≤ max of {| wMa(ω) |, | wMb(ω) |}                    (13) 

 

In this section we have shown that where gain of FMa(e
jω

) 

and FMb(e
jω

) are both equal to 0 or 1, w(ω) is determined 

mainly by wMa(ω) or wMb(ω) depending on whether Gain 

of  Fa(e
jMω

) is 0 or 1; the effect of wa(ω) is of secondary 

important. Near the transition-band of F(e
jω

), Gain of  

FMa(e
jMω

) is not equal to gain of FMb(e
jω

); w(ω) is a 

function of wa(ω), wMa(ω) and wMb(ω). It is feasible to 

realize the filter Fa(e
jω

), such that wa(ω) partially 

compensates for wMa(ω) and wMb(ω). Different values of 

filter Lengths used in design are shown below in Table 2.  

 
Table II. ESTIMATED LENGTHS OF PROTOTYPE FILTER AND 

MASKING FILTERS. 

N NMA NMC Effective length 

200 1 26 424 

134 5 33 432 

100 13 19 415 

67 19 33 429 

58 18 60 459 

50 100 19 492 

45 41 33 437 

37 64 34 460 

34 93 33 489 

31 30 193 583 

29 53 60 452 

 

When we use these specifications, we obtain better 

overall filter frequency responses, which are shown in 

next section. 

 

IV. DESIGN EXAMPLE 

Now we shall illustrate our technique by using two 

examples.  
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EXAMPLE 1- In this case realization of a linear phase 

digital FIR low-pass filter to meet the following 

specifications:  ωp= 0.2306π, ωs= 0.2429π, maximum 

pass band ripple = 0.1 dB, minimum stop band 

attenuation = 40 dB. For M = 14, the designed filter is 

given below, 

 
Fig.3 FREQUENCY RESPONSE OF FRM FILTER F(ejω) BEFORE 

RIPPLE OPTIMIZATION.  

 

 
Fig.4 FREQUENCY RESPONSE OF FMa(e

jω) (SOLID LINE) AND 

FMb(e
jω) (DOTTED LINE). 

 

 
Fig.5 FREQUENCY RESPONSE OF FRM FILTER F(ejω) AFTER 

OPTIMIZATION FOR M = 14. 

 

 

 
Fig.6 FREQUENCY RESPONSE OF FRM FILTER F(ejω) AFTER 

OPTIMIZATION FOR M = 9. 
Table III. REDUCTION OF COEFFICIENTS OBTAINED BY 

DIFFERENT FREQUENCY SPECIFICATION. 

ωp ωs M % Reduction 

in 

Coefficients 

0.6886π 0.7π 2 38.8% 

0.4553π 0.4667π 3 53.64% 

0.3385π 0.35π 4 64.13% 

0.2217π 0.2333π 6 67.4% 

0.1883π 0.2π 7 62.43% 

0.1631π 0.175π 8 52.53% 

0.1437π 0.1556π 9 66.57% 

0.1153π 0.1273π 11 61.75% 

0.1047π 0.1167π 12 54.93% 

0.2492π 0.2615π 13 26.16% 

0.2306π 0.2429π 14 58.72% 

 

In the above figure, w(ω) is determined mainly by 

wMb(ω). There are designs where w(ω) is determined by 

wMa(ω), but those are not considered in this literature. 

EXAMPLE 2- In this case the realization of a linear 

phase digital FIR low-pass filter to meet the following 

specifications:  , ωp= 0.1437π, ωs= 0.1556π, maximum 

pass band ripple = 0.1 dB, minimum stopband 

attenuation = 40 dB. For M = 9, the designed filter is 

given below. We have shown the percentage reduction in 

coefficients with different specifications of pass band 

and stop band frequencies for different values of M in 

Table 3.  

 

V. CONCLUSIONS    

In this paper a sharp, equiripple, lowpass FIR filter with 

low arithmetic complexity designed and then optimized 

by Frequency Response Masking (FRM) technique and 

then optimized by Parks-McClellan algorithm. Proposed 

filter has significant reduction in total number of 
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coefficients. Several design examples with different 

specifications are presented in this paper. It is shown by 

examples that, a low pass FIR filter can be designed in a 

simple and analytical way without extensive 

computations. Moreover, it is possible to design sharp 

cut-off high pass, band pass, band stop filters with 

arbitrary bandwidth by this method. 
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